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The delay logistic map with two types of q–deformations: Tsallis and Quantum–group type are
studied. The stability of the map and its bifurcation scheme is analyzed as a function of the
deformation and delay feedback parameters. Chaos is suppressed in a certain region of deformation
and feedback parameter space. The steady state obtained by delay feedback is maintained in one
type of deformation while chaotic behavior is recovered in another type with increasing delay.
I. INTRODUCTION
Theory of quantum integrable systems [1, 2] has ini-
tiated a new type of symmetry and associated with it
mathematical objects called quantum groups. These are
related to the usual Lie groups as quantum mechanics is
related to its classical limit. Physically a group quanti-
zation can lead to a kind of deformation of the group
manifold, related to a physical (classical or quantum)
system. q–deformation of many classical Lie groups has
stimulated much activity in the pursuit of understand-
ing its physical meaning, due to the emergence of quan-
tum group like features in many physical systems. It has
been realized that q–deformation effectively takes into
account the interactions in physical systems [3–6]. The
q–deformation is non-trivial in the sense that the emerg-
ing deformed algebra is no longer linear. It would be
constructive to study q–deformation in the context of
dynamical systems.
One of the popular model of discrete nonlinear dynam-
ical systems is logistic map [7]. The study of dynamical
system with delay is important when the information is
feedback with a measurable delay, e.g., due to the spa-
tial extensiveness of the system and the finite velocity
of propagation of information, or when the characteristic
timescale of the system is smaller than the delay time [8].
The delayed equations have been used for modeling pur-
poses in optics [9, 10], chemistry [11], and biological sys-
tems [12, 13]. The delay feedback also plays an important
role in controlling chaos [14, 15]. The interplay of delay
and nonlinearity plays a central role in self-organization
and complex phenomena of dynamical systems and chaos
is suppressed or controlled by stabilizing unstable peri-
odic orbits with delay feedback [16–20]. In another work
[21], the normal logistic and exponential maps were used
to study the transition from chaotic to regular dynamics
induced by stochastic driving.
A one-dimensional logistic map is a non-linear differ-
ence equation
xn+1 = αxn(1 − xn), (1)
where α is a constant, and is taken to be positive in the
rest of the paper. Also, xn denotes the value of x after n
iterations. Eq. (1) arises, for e.g., in the case of modeling
of population growth dN(t)
dt
= r(t)N(t), where N(t) is the
population at a time t and r(t) is the difference between
birth and death rates per head of the population.
As q–deformation essentially involves modification of
a function such that in the limit of q → 1 the usual func-
tion is obtained, there is no unique q-deformation for a
function. On the other hand, delay transforms the dy-
namical state of the system. It is therefore natural to
use q-deformations suitably in the study of non-linear
systems with delay feedback. Here we discuss two forms
of q–deformations of the logistic map, studied in the lit-
erature, but with the additional proviso that the map has
a memory inbuilt into it, in the form of a feedback mech-
anism. This has the advantage of studying the system
from a more realistic perspective as well as the possibil-
ity of having a chaos suppression mechanism inbuilt into
the system.
The paper is setup as follows. In Section II, we discuss
the basic deformations, that will be studied, along with
delay. The logistic equation deformed by the two pre-
scriptions and undergoing a delayed feedback are studied
in Sections III (A) and (B), respectively. Along with
a numerical study of the interplay between the various
parameters, a stability study of the two systems is also
made. Section IV concludes the paper.
II. q–DEFORMATION WITH DELAY
A deformation of the logistic map (Eq. 1), based on
the non-extensive statistics of Tsallis [22] was proposed
[23], in which the map
xn+1 = α[xn](1− [xn]), (2)
was considered. Here [x] = x1+(1−q)(1−x) , and −∞ < q <
2 for x in the interval [0, 1]. An important difference be-
tween (1) and (2) is that the deformed map (2) is concave
in parts of x-space while the map without deformation
(1) is always convex. Further, the use of (2) showed the
rare phenomena of the co-existence of attractors, i.e., the
co-existence of normal and chaotic behavior.
The logistic map with delay (τ) feedback is given by:
xn+1 = f(xn) = αxn(1 − xn)(1 − β) + βxn−τ (3)
2FIG. 1: The parameter space (ǫ, β) showing chaotic (black
color), periodic (brown color for period > 2 and blue for pe-
riod 2), period 1 (non-zero steady state in blue color) and
period 1 (zero steady state in white). Here nonlinearity pa-
rameter α = 4, delay parameter τ = 1. As seen from the
figure, with increase in coupling (β), for fixed q-deformation
ǫ, the system undergoes a transition from the chaotic to the
periodic regime, thereby highlighting the role played by the
feedback on chaos suppression.
where, β is the feedback amplitude and τ is the delay
time. The analogous q-deformed map with delay is:
xn+1 = α[xn](1 − [xn])(1 − β) + β[xn−τ ]. (4)
Another Quantum–group (Qu-group) type of q-
deformation, of the logistic map, was proposed [24] as:
[xn+1] = α[xn](1 − [xn]), (5)
where
[x] =
1− qx
1− q
. (6)
Here q is real and x is in the interval [0, 1]. This q-
deformed logistic map is different from Eq. (2). It is not
possible to transform the q-deformed map, introduced in
Eq. (5), to that in Eq. (2). In particular, it is not possible
to relate the q parameter in Eq. (2) to the q parameter
in Eq. (5). Further, in the proposed q–deformed map
Eq. (5), the left hand side is also q-deformed, in contrast
to Eq. (2). Thus in the space of q–deformed variables
the q-deformed logistic map Eq. (5), is the usual map. In
mapping to ordinary space, all the corresponding phys-
ical features emerge. This is not possible in the map
FIG. 2: a) Bifurcation diagram depicting x with respect to β
for α = 4, τ = 1. As seen from the figure, with increase in
coupling (β), for fixed q-deformation ǫ = 0.5, the system un-
dergoes a transition from the chaotic to the periodic regime,
ultimately to the steady state, confirming the scenario de-
picted in Fig. (2) b), where the Lyapunov exponent λ is
plotted with respect to β for α = 4, τ = 1. As seen from the
figure, with increase in coupling (β), for fixed q-deformation
ǫ, the system undergoes a transition from the chaotic (λ > 0)
to the periodic (λ < 0) regime, ultimately to the steady state.
c) Time series showing chaotic, period-2 and steady states for
β = 0.0, 0.5, 0.7, and 0.8 respectively.
Eq. (2). In the limit q → 1, it is seen that [x] → x and
we obtain the usual logistic map (1).
The corresponding deformed map with delay would be:
[xn+1] = α[xn](1 − [xn])(1 − β) + β[xn−τ ]. (7)
What do we expect from such a study? q-deformations
simulate correlations in the system while the delayed
feedback brings in memory. An interplay of these two
effects should help in understanding the mechanism of
suppression of chaos in systems that have inbuilt corre-
lations.
III. ANALYSIS OF THE q–DEFORMED
LOGISTIC MAP WITH DELAY
Here we take up the logistic map with delayed feedback
and q-deformed according to both the prescriptions, i.e.
3FIG. 3: Bifurcation diagram depicting x with respect to β for
α = 4 q = 0.5, τ = 1, 2 and 3. System behavior is period
two cycle, fixed point and chaotic for higher delay feedback
strength for τ = 1, 2 and 3 respectively. In the inset, is plotted
the critical value of the feedback parameter βc, for which the
system goes into the steady state x⋆ = 0.
according to Eqs. (2) (Tsallis type) and (5) (Qu-group
type), respectively.
A. Tsallis type of deformation
1. Stability Analysis: Analytical Results
We make an analytical study of the effect of memory
in Eq. (4). This involves expanding the original equation
to a set of τ +1 equations, τ being the delay [8]. In order
to capture the essence of our q-deformed delayed logistic
map, we take up the case of τ = 1. For the one-cycle
stability, using Eq. (4):
xn+1 = α(1 − β)(2 − q)
xn(1 − xn)
[1 + (1− q)(1 − xn)]2
+β
yn
1 + (1− q)(1 − yn)
,
yn+1 = xn. (8)
The corresponding Jacobian matrix takes the form:
J(x, y) =
(
α(1 − β)(2 − q) 2−q−(3−q)xn[1+(1−q)(1−xn)]3
β(2−q)
[1+(1−q)(1−yn)]2
1 0
)
,
(9)
which for the trivial fixed point: x = y = 0 gives:
J(0, 0) =
(
α(1−β)
(2−q)
β
(2−q)
1 0
)
. (10)
From the characteristic equation of Eq. (10), its eigen-
values are:
λ1,2 =
α(1− β)
2(2− q)
±
1
2(2− q)
√
α2(1− β)2 + 4β(2− q).
(11)
From the above eigenvalues, the condition for the stabil-
ity of the fixed point is obtained as:
β >
α− (2− q)
α− 1
. (12)
These results are borne out by the numerical results
shown below, where along with one-cycle stability, multi-
cycle stability is also analyzed.
2. Numerical results
We fixed the nonlinearity parameter α = 4 and delay
time τ = 1 to study the effect of q–deformation and delay
feedback in (q, β) parameter space as shown in Fig. 1. For
lower feedback strength β, system is in chaotic (in black)
or in higher period (in brown) state. With sufficiently
large delay feedback, system goes to period two cycle
(in blue) and then to steady state x∗ 6= 0 (in red) and
then to x∗ = 0 (in white). The bifurcation diagram and
Lyapunov exponent as a function of feedback strength
β is plotted in Figs. 2(b) and (c), respectively, for fixed
q-deformation q = 0.5 which confirms chaos suppression
via reverse period-doubling bifurcation. Time series in
different dynamical states, i.e. chaotic, period two cycle,
and steady states are shown in Fig. 2(c). When the delay
time τ is further increased, the transition from chaos to
steady state is seen to occur at lower values of feedback
strength β and the critical value of feedback strength βc,
when the system approaches the steady state x∗ = 0, is
0.76 for τ = 1 and approaches to 0.63 with increasing τ
(see Fig. 3).
Thus, in the Tsallis-type of q-deformed logistic map
with delay, with increase in feedback, stability is seen
for all delays; in contrast to the situation in the corre-
sponding map without deformation, where stability was
observed for only odd delays [8].
B. Quantum–group type of deformation
1. Stability Analysis: Analytical Results
We make an analytical study of the effect of memory
in Eq. (7). As before, in order to capture the essence of
our q-deformed delayed logistic map, we take up the case
of τ = 1. For the one-cycle stability, using Eq. (7), we
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FIG. 4: The parameter space (q, β) showing chaotic (black
color) and periodic (brown for period > 2 and gray for pe-
riod 2). Here nonlinearity parameter α = 4, delay parameter
τ = 1. As seen from the figure, with increase in coupling
(β), for any given q-deformation ǫ, the system undergoes a
transition from the chaotic to the periodic–2 cycle regime,
thereby highlighting the role played by the feedback on chaos
suppression.
get the following two coupled equations:
Xn+1 = 1−
α(1 − β)
(1 − q)
(1−Xn)(Xn − q)− β(1 − Yn)
Yn+1 = Xn, (13)
where, for convenience in calculations, we have made the
change in variable : qxn = Xn. The corresponding Jaco-
bian matrix takes the form:
J(X,Y ) =
(
α(1−β)
(1−q) [2Xn − (q + 1)] β
1 0
)
, (14)
which for the trivial fixed point: x = y = 0, correspond-
ing in the new variables to: X = Y = 1, gives:
J(0, 0) =
(
α(1− β) β
1 0
)
. (15)
From the characteristic equation of Eq. (15), its eigen-
values are:
λ1,2 =
α(1− β)
2
±
1
2
√
α2(1 − β)2 + 4β. (16)
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FIG. 5: a) Bifurcation diagram depicting x with respect to
β for α = 4, τ = 1. As seen from the figure, with increase
in coupling (β), for fixed q-deformation q = 0.5, the system
undergoes a transition from the chaotic to the periodic–2 cy-
cle regime confirming the scenario depicted in Fig. (4). b)
Lyapunov exponent λ with respect to β for α = 4, τ = 1. As
seen from the figure, with increase in coupling (β), for fixed
q-deformation q, the system undergoes a transition from the
chaotic (λ > 0) to the periodic (λ < 0) regime, ultimately to
the period–2 cycle state. c) Time series showing chaotic and
period-2 states for β = 0.0 and 0.4 respectively.
From the above eigenvalues, the condition for the stabil-
ity of the fixed point is obtained as:
β < 1. (17)
Since these calculations are made in the new variableXn,
which is related to the original variable xn by xn =
lnXn
ln q ;
the result of Eq. (17) when interpreted in the original
variable implies that x∗ = 0 will never stabilize under
positive feedback. This is borne out by the numerical
results shown below, where the one-cycle as well as multi-
cycle stability is analyzed.
2. Numerical results
Again, we fixed the nonlinearity parameter α = 4 and
delay time τ = 1 to study the effect of q–deformation
and delay feedback in (q, β) parameter space, as shown
in Fig. 4. For lower feedback strength β, system is in
5FIG. 6: Bifurcation diagram depicting x with respect to β for
α = 4 and q = 0.5, for increasing delay time: τ = 1, 2 and 3,
respectively. a) Period–2 cycle for τ = 1, b) fixed point for
τ = 2, and c) chaotic behavior for τ = 3 are observed.
chaotic (in black) or in higher period (in brown) state.
With sufficiently large delay feedback, system goes to
period two cycle (in gray). The bifurcation diagram and
Lyapunov exponent as a function of feedback strength β
is plotted in Figs. 5(a) and (b), respectively for fixed q-
deformation q = 0.5 which confirms chaos suppression via
reverse period-doubling bifurcation to period two–cycle.
Time series in different dynamical states, i.e., chaotic and
period two cycle are shown in Fig. 5(c). For delay time
τ = 2, system goes to steady state with sufficient feed-
back strength and with further increase of delay time
system goes back to chaotic state as shown in Fig. 6. For
τ = 2, within period–1 cycle, some values of feedback
strength β take the system to period–3 cycle as shown
in Fig. 6(b). It shows that chaos cannot be suppressed
in Qu–group type of deformation for delay feedback with
τ > 2. We have studied the asymmetric Qu–group type
of deformation case (xn+1 = f([xn])) also and find simi-
lar results (not shown here). Thus here the non-linearity
is predominantly due to the form of the deformation cho-
sen. In contrast to Tsallis type of deformation, the Qu-
group type of deformation, suppress chaos to two-cycle
as compared to one–cycle.
IV. CONCLUSIONS
In this work, we have studied the logistic map from the
perspective of q–deformation and delay feedback. This
enables us to study the interplay between the competitive
features, viz. complexity, brought by the q–deformation
and order, by delay feedback. Chaos is suppressed with
feedback for both kinds of deformations, i.e., Tsallis and
Qu–group type. However, for the Tsallis type of defor-
mation, a steady state is achieved, an observation which
validates its use in statistical mechanics of complex sys-
tems, where one would expect a system to eventually go
to a steady state, while for the Qu-group type of defor-
mation the period–2 cycle gets stabilized. With increas-
ing delay time, the transition to steady state is obtained
at lower values of feedback strength in Tsallis type of q–
deformation while chaotic state is recovered in Qu–group
type of q–deformation with increasing delay time.
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